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Abstract. We revisit an old problem in classical invariant theory, 
viz. that of giving algebraic conditions for a binary form to have 
linear factors with assigned multiplicities. We construct a complex 
of S'L2-representations such that the desired algebraic conditions 
are expressible as a specific cohomology group of this complex. 
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1. Introduction 

d 

Consider a binary form F{x, y) = Yl x^H'^ '' over the complex 

i=o 

numbers. It splits as a product of linear forms, and it is classical 
that F has a repeated factor if and only if its discriminant vanishes. 
Similarly, we can ask for algebraic conditions on the coefficients aj, so 
that F has say, a triple factor or two double factors. More generally, 
we may fix a partition A of d, and ask for algebraic conditions so that 
the factors of F have multiplicities as dictated by the parts in A. The 
object of this note is to devise a method for answering such questions. 

This problem is addressed for the first time (to my knowledge) by 
Arthur Cayley 0. Thereafter J. Weyman has obtained substantial 
results for special kinds of partitions in |TB|, |]Ty[ and |]2D| (see section 
i- 

The polynomial F{x, y) as above will be identified with the point 
[ao, . . . ,ad] of P*^. Let then A = (Ai, . . . , A„) be a partition of d, and 
consider the set 

n 

Xx = {[ao, . . . , ctd] : F factors as Y\ fo^ some hnear forms Lj}, 

i=l 

which is a projective subvariety of W"^. This is the coincident root locus 
in the title and the principal object of study in this paper. 
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The group SL2(C) acts on the imbedding Xx C P'^ in the following 

manner. An element ( ^ ) G SL2(C) sends the form F to F' = 

V 7 5 / 

d 

J2 (^'j x^y'^~^ , where the a'j are determined by 

j=0 

d d 
^aj{ax + (3 yYi^i x + 5 yf'^ = ^ a'j x^y'^^^. 

j=0 j=0 

Its defining ideal Ix^ < C[ao, . . . ,ad] is then an SL2-subrepresentation, 
and our problem is essentially one of calculating this ideal. Our main 
result (Corollary |3.5| ) is a (somewhat indirect) solution to this problem. 
Specifically, for each positive integer m, we construct a complex of 
S'L2(C)-representations (see formula (0)) whose zeroth cohomology 
group is the graded piece {Ix)m- In section ^, we use this complex to 
calculate the ideal for a few specific examples and express the answer 
in the language of classical invariant theory (especially see Theorems 
0| and [4.4|) . In Theorem of section ^, we identify the singular locus 



of X\] a result which should be of interest in itself. 

The base field will be C. All terminology from algebraic geome- 
try follows Hartshorne |TD|. The formulae are numbered in a single 



sequence throughout the text. 
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2. Preliminaries 

In the next three subsections, we recall a few matters from the in- 
variant theory of binary forms. An excellent reference for the classical 
theory is the text by Grace and Young |^. See and [1^ for the mod- 
ern theory and [|17| for a discussion of algorithms for the computation 
of invariants and covariants. 



2.1. Representations of SL2{C). In the sequel, V denotes a two 
dimensional C- vector space. We will use the following isomorphisms 
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of SL(V)-modu\es : 

(1) 

A™(Sym" V) = Sym™(Sym"+^-™ V), 

Sym'" y (g) Sym" y = Sym"^+"-2'- 1/ (Clebsch-Gordan formula); 

and the Cayley-Sylvester formula 

(2) Sym"*(Sym"T/) = ^ (Sym"^"-^^ ®^'(''''"''*)-^'('^-^''"'"), 

r=0 

where p{r, m, n) is the number of partitions of r into at most m parts 
with no part exceeding n. The G'L(\/)-modules Sym'^ (V*) and (Sym'' V)* 
are isomorphic, and we write them indifferently as Sym'^ V*. 

Let {x,y} be a basis of V. With the identification aj = {x^y'^^^)* e 
Sym'^l^*, the form F — ^ajX^y'^~^ corresponds to the trace element 

Y^ix^y'^'^y ® x^y"^-^ in Sym*^ V* ® Sym'^ V. The ring C[ao, . . . , a^] is 

i 

identified with the symmetric algebra Sym* (Sym'^l^*). 

2.2. Invariants and Covariants. Let 

Sym« V* ^ Symf (Sym'^ V*) 

be an 5'L(y)-subrepresentation; or what is the same, a nonzero SL{y)- 
morphism C — > Sym^'(Sym'^ 1/*) Sym^y. Its image consists of all 
scalar multiples of a polynomial $(ao, . . . ,ad;x,y), having total degree 
p in the aj and q in x,y. This polynomial is called a covariant of degree 
p and order q (of the binary form F). We will also say that $ is of type 
{p,q). E.g., for d > 2, the inclusion Sym^*^"^ l^* ^ Sym^(Sym'^ y*) 
defines a covariant of type (2, 2d — A), called the Hessian of F. 

An invariant is a covariant of order zero. E.g., the discriminant of 
F (defined to be the Sylvester resultant of dF/dx and dF/dy) is an 
invariant of degree 2d — 2. 

2.3. Transvectants. Let $i, $2 be covariants of types {pi, qi), {p2, ^2) 
respectively, and 1 < r < minimi, ^2} an integer. Associated to these is 
a covariant of type {pi +^2? 9i + 92 — 2r) called the r-th transvcctant of 
$1, $2, written ($1, $2)' . (By convention ($1, $2) stands for ($1, $2)^-) 
For instance, the Hessian equals (F, F)^. 
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Scholium 2.1. The transvectant can be defined in several ways, and 
the various definitions are in agreement only upto a scalar. In section 
^ it will be necessary for us to fix this scalar, and it is important that 
some definite convention be followed consistently. 

We will use the definition given in terms of the symbolic method. 

d 

LetQ F =Y^ {^)aj x^y'^-^, and 
i=o ^ 



= J2^ikx''y''' ^ i = 1,2. 



k=0 



Thus each cpik is a homogeneous form of degree pi in the aj. 

Now formally write $i = (ai x + a2Z/)^^ '^'2 = (A x + /32i/)^^ and 
define 



g2-r 



($1, $2)' = («1 P2 - «2 X + «2 X + /?2 y) 

That is to say, expand the right hand side and substitute ipik and (p2k 
respectively, for Og^"'^ and I3'^~^ ■ The symbolic method is 



more sound than it appears prima facie, see [|T2| for a thorough modern 
treatment. 

2.4. Definition of the Coincident Root Locus. In the sequel A = 
(1*^12 _ _ _ f/fid^ denotes a partition of having parts of size r for 
1 < r < d. The number of parts is ^ e,. = n. 

With {x^y} a basis of V, we identify a point of PSym'^' V with a 
degree polynomial Gr{x,y) determined upto scalars. 

Now we have Veronese maps 

(3) Vr-.F Sym"" V — ^ P Sym'' ''^ V, — > G/ 
and a multiplication map 

d d 

(4) /i : n P Sym'-'^'- V^F Sym"^ \/, (iJ,, ^ J] i/,. 

r=l r=l 



^The introduction of binomial coefficients is a familiar device in order to make 
things work smoother. 
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Finally consider the composite fx, 

(1a =) n ^ Sym^" P Sym'^ '''V Sjm'^ V, 

r r 

(5) 

r=l 

Definition 2.2. The Coincident Root locus Xx is defined to be the 
scheme-theoretic image of fx- 

The locus is closed in PSym'^y since fx is a projective morphism, 
and it is reduced since Yx is. Its dimension is the number of parts in 
A, which is n. 

fx 

The morphism Yx — > Xx is finite (being quasi-finite and projective) 
and birational (since for a general F in the image, Gr can be recovered 
as the product of linear forms dividing F exactly r times). The ideal 
sheaf Ixx is the kernel 

(6) O^Ix^^ C»pd Oxx 0, 
and for later use we define Vx to be the cokernel 

(7) Q^Ox,^ fx^Oy, — > ^ 0. 
We will drop the suffix A when it is safe to do so. 

Scholium 2.3. • We have Xx^ Q Xx^ exactly when A2 is a refine- 
ment of Ai- 

• The locus X(rf) is the rational normal curve of degree d and X(^a-i,i) 
its tangential developable. In general X(^d-s,i'') is the tangential 
developable (i.e., the closure of the union of tangent spaces at 
smooth points) of X(^d-s+i,i'>-^)- Of course, X(2,id-2) is the hyper- 
surface of degree 2{d — 1) defined by the discriminant. 

• The degree of the CR locus in P*^ is given by 

r 

a formula going back to Hilbcrt. To sec this, identify P Sym'^ V = 
Sym'^ (pi) with the set of efi'ective divisors of degree d on P^. Let 
E denote a general {d — n) -dimensional linear subspace of P*^, it 
corresponds to a hnear series gj_j^ on P^. The points of E fl X 



6 



JAYDEEP V. CHIPALKATTI 



correspond to those divisors in the series which may be written as 
^ r(Pr,i + Pr,2 + ■ ■ ■ + Pr,er), ^OT some points Prj G P^. According 

r 

to De Jonquieres' formula (see 0, p. 359]), the number of such 

divisors is the coefficient of t^H^^ . . . t^" in {l+ti+2t2-\ hcitd)", 

hence the assertion. 

3. The ideal of the CR locus 

3.1. The Machine Computation of Ix- There is a rather straight- 
forward algorithm for the computation of the ideal Ix, which can be 
implemented on any computer algebra system with modest capabilities. 
Since X is given as the image of a projective morphism, the problem 
is one of elimination theory. We illustrate with the case A = (3 2 2). 
Consider the morphism 

/322 : P Sym2 VxFV^F Sym^ V, (G2, G3) — Gj Gl (= F). 

Using affine coordinates, write 

G2 = t'^ + uit + U2, G3 = t + vi, F = t'^ + ait^ + ■■■ + aj. 

By forcing the equality 

f + ait^ + a2t^ + ■ ■ ■ + a7 = (t'^ + uit + U2f{t + vif , 

we get polynomial expressions aj = qj{ui,U2,vi) for 1 < j < 7. This 
defines a homomorphism 

g322 : C[ai, . . . , 07] — > C[ui,U2,Vi\, 

which is the ring theoretic counterpart of /322- Calculate a Grobner 
basis for the kernel of ^322 (with respect to a degree lex or degree 
reverse-lex term order) and homogenize with respect to a new variable 
ao; this gives the ideal Ix- (See e.g. Exer. 1.6.19c].) 

The actual calculation shows that it is generated by a 364-dimensional 
subspace of C[ao, . . . ,ai]Q. This is not very informative by itself; and 
to gain some insight into the structure of Ix, we aim to describe it 
invariant-theoretically. In the present example, this means identify- 
ing the subrepresentation {Ix)6 ^ Sym^(Sym'^ l^*). To this end, we 
construct our main technical artifice (the complex Q*) in the next sub- 
section. 

The idea, in a nutshell, is to approach X indirectly by working with 
its normalisation Y. We will construct a locally free resolution of the 
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structure sheaf Cy, and then generate a spectral sequence by taking 
its pushforward. 

3.2. The Eagon-Northcott Complex. Set T = F x PSym'^ V with 
projections vr^ : T — P Sym^'' V for 1 < r < and vr : T — * P Sym"^ V . 
Factor the map / as 

and let r C T denote the image of 1 x /. 

„ TTr TTTin ^Tr ISO „ incl „ 

T ^PSym^'i/ F ^r> 

TT \ TT TT 

/ \ I . " 

P Sym'^ V" X P^ 

We claim that the structure sheaf Or is resolved by an Eagon- 
Northcott complex of vector bundles on T. 

Quite generally, let A S be a morphism of vector bundles on a 
regular scheme T. Assume that the bundles have ranks a, h respectively, 
with a > b. Then we have a complex 

where 
(8) 

AfP = {a''B)-^ (g) Sym-(P+^) B* ® A^'^^^U for 6 - a - 1 < p < -1. 

The differential of the complex is defined via contraction with the sec- 
tion e H°{T,A* B). (See g Appendix A2.6] for details of the 
construction.) 

Let be the closed subscheme of T defined by the ideal sheaf 
Fitto( coker v?). Set-theoretically, it is the degeneracy locus {t G T : 
rank v^t < & — 1}. If the subscheme has codimension a — b -\- 1 and is 
a local complete intersection, then A/"* is a resolution of its structure 
sheaf Ot^ (loc.cit.). 

Returning to our setup, define line bundles 

£ = ® <Ope,(r), M = 7r*Cpd(l) 

r=l 

on T. By the Kiinneth formula, 

H\T,C) = ® Sym^(Sym'^'-\/*), H\T,M) = Sjm'^V*. 

r=l 
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Define the comultiplication map 

(9) Sjm'^V* — ^ I Sym'^(Sym^'- V*), 

r=l 

as dual to the usual multiplication map on polynomials. Adding it to 
the identity Sym*^ V* — > (T, Ai ) gives a map 

Sjm'^V* — >H%T,C®M), 

which defines a morphism of bundles 

ip : Sym"' V* O Ot — >C®M, with a = d + 1, 6 = 2. 

A B 

Theorem 3.1. The Eagon-Northcott complex of (p resolves Or- 

PROOF. We will show that the locus { rank f < 1} coincides with F. 
Since F (being smooth) is a local complete intersection of codimension 
d in T, the theorem will follow. 

It is easier to work with the transpose map 

^trans . ^-1 ^ ^-l ^ g^^d y ^ 

which has the same degeneracy locus. Let then t = (Gi, . . . , G^; F) 
be a point of T. The fibre of the line bundle r) over the point 

Gr € PSym'^'^y is naturally isomorphic to the linear span of G^., hence 
the fibre of over t is the space C (H G'^). So over t, the map ip^^^'^^ 

r 

is given by 

C{llGl)®C{F)^C{F,l[Gl). 

r r 

This map has rank one iff F is a scalar multiple of GJI iff t lies in F. 

r 

The theorem is proved. □ 

After expanding (^), 
(10) 

= { £-("+!) ® ® Ai-P(Sym'^ V^*) 



a + l3=-(p+l), 

a,/3>0 



for — d < p < —1, 

AT" = Ot and AT* ^„ Or- 
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Now consider the second quadrant spectral sequence 

= TV^ for < p < and g > ; 

Each Ef''^ term can be precisely calculated using the projection formula 
followed by the Kiinneth formula. Apart from E^'^ = Opd, all nonzero 
terms are in the n-th row. In fact 

= { ® {® H''i^'% Op(-m - r))} ® Op.(-/3 - 1)} 

a + /3=-(p+l) 
a,l3>0 

® A^-P(Sym'^V^*). 

Now if'''-(P'''-, ra — r)) 7^ iff ra + r > 6^ + 1. Using Serre duality, 

we get 

(12) 

Ef " = { {® Sym™+"-^--i(Sym'=^ V)} ® O^^-f] - 1)} 

a + = -{p+l) 

o>M-l,/3>0 

Here m denotes [maxj^^^}] . Now vr is a finite morphism on F, hence 

r ' 

E^'^ = for p + q and we have an extension 
(13) o^E^J^ TT.Or — i^oo"'" ^ 0. 

Proposition 3.2. VFe /iat;e 

z/p = _(n + 1), 

PROOF. All the differentials from d2 upto dn are zero, hence E2'"' = 
■■■ = E^'^^. Ifp^ -n, -(n + 1), then Ef'" = Eg^" = 0. Now going 
back to the definition of the filtration on the abutment of a spectral 
sequence (see e.g. P, Ch. Ill]), it follows that E'^ is the image of the 
morphism h^Ot 'n'*Or, which is Ox- Hence £^2""'"" = E^'^ equals 
coker(Ox ^ vr.Or) = V. Finally ^3"^"+^^'" = ker (E°'° ^ E^O) = J^. 

□ 

The proposition exhibits 1x as the middle cohomology of the com- 
plex 

j^—{n+2),n ^ ^-(n+l),n ^ j^-n,n 
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Each term of the complex is a vector bundle on F'^, explicitly described 
in terms of the combinatorial datum A. 

Our next step is to work with the complex given by the n-th row 
of this spectral sequence. Let Q' be the complex (n + 1)], with 

differential denoted do- By the previous proposition, liP{Q') = Tx,T> 
for p = 0, 1 respectively and zero elsewhere. The point of introducing 
the shift is merely to simplify the indices. Q'^ is nonzero in the range 
n + 1 — d<p<n + l — M. 

3.3. Hypercohomology of Q* . Set ^'(m) = Q* ®0^d{m) for m > 0. 

Our interest lies in the hypercohomology of the complex Q*{m). There 
are two spectral sequences 

(14) ^ = i7'^(P^, ^P(m)), d^^^'i : E^'" — ^ ^p+r-,g-r-+i^ 

(15) Ef'^ = i/'^(P^ W{g'){m)), : — ^ EP-r+l,q+r. 

with common abutment EI^"'"'^(^*(m)). 

The term QP{m) is a sum of line bundles of the form (9pd(m — j3 — 1). 
Now m — j3 — 1 > m — d (this is clear from formula ([T^) ), hence 
H^\F'^,gp{m)) = 0. Thus E^''^ = for g > 1, this forces E2 = E^. 
Now E^''^ is zero outside the columns p = 0, 1, so ^3 = • 



Theorem 3.3. Assume m > 0. Then 
W = 



i7°(P^Jx(m)) fori = 0, 
fori ^0,1. 



There is an extension 

— > H\F'^,Ix{m)) — — > eI'^ — > 0, 

and ^3'° equals the image of the map 

H\¥\f,OY{m)) ^ H\¥\V{m)). 

In particular, E^'^ = iJ°(P"', P(m)) if H\F'^,Ox{m)) = 0. 

We will use the following technical lemma in the proof. 

Lemma 3.4. Form > 0, the map d^ : H'i{V{m)) — > H'i+^{Ix{m)) 
is bijective for q > I and surjective for q = 0. 
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PROOF. The map is a composite H'^(V{m)) W^^^iOxim)) 
H'i+'^(Xx{'m)) of two connecting homomorphisms in the long exact se- 
quences associated to and (0). (This follows directly from the def- 
inition of d2 (loc.cit.).) Now H-^{F'^,Opd{m)) = 0, and we claim that 
ff^i(P^/,Oy(m)) =0. Indeed, 

if*(P'^, f^Oyim)) = H^Y, f*Of,d{m)) (by Leray spectral sequence) 

d 

= (g) i7*''(P'^'', Cpsr(mr)) (by Kiinneth formula) 

which vanishes for i > 1. It now follows that the first connecting map 
is a bijection for q > 1 and a surjection for q = 0; and the second map 
is always an isomorphism. The lemma is proved. □ 

Proof of theorem |373 . 

Since E'f''' = for p 7^ 0, 1, we have = for i < 0. By the lemma, 
-^3 '' ~ P = 0, g > 2 and p = 1, g > 1; hence = for i > 2. The 
rest is clear. □ 

Corollary 3.5. The space H^{F'^,Xx{fn)) of hypersurfaces of degree 
m vanishing on X is given by the middle cohomology of the complex 

□ 

At this point, the determination of this space is in principle a problem 
in linear algebra; once we have made the differential of the complex 
explicit. We will merely outline the description here and leave the 
details to the diligent reader. 

Let c/g ,„ : H^{¥'^,gp{m)) — > (F'^ , gp^\m)) denote the differen- 
tial in question. Define 

(16) 

z{a, r) = ra + r-er-l, M{a) = ® Sym"("'")(Sym"'- V) and 

r 

Q{a,p) = M{a) ® Sym™+^'+"-"-i(Sym^ V*) ® A"+2-P(Sym'^ V*). 
Then i?°(P'^, ^^(m)) = Q{a,p), and it is only necessary to 

n— p>a>A/— 1 

describe the differential dQ^^ : Q{a,p) Q{a' ,p + 1) on individual 
summands. This map is zero unless a' = a or a — 1. 
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If a! = a, it suffices to describe the map 

Sym^'"+P+"-"-i(Sym'^l^*) ® A''+^~P{Sjm'^ V*) 
Sym-+p+"— (Sym'^ V*) A"+^-^(Sym'^ V*). 

This is given by contraction with the canonical trace element in 
Sym*^ V* (S> Sym'^ V. If a' = a — 1, it suffices to describe the map 

M{a) ® A"+2-P(Sym'^ V*) ^ M{a - 1) ® A"+i-^'(Sym'^ V*). 

This is given by contraction with the element in (g) Sym''(Sym'^'' V"*) 

r 

Sym'^ coming from the comultiplication map (P). 

3.4. An Alternate Description of 2x- We pick up the thread at 



the beginning of § |3.2| . There is a bundle map 

(17) ^■.7i*inl4i)) ^ c 

to be defined as follows. (Let Tp denote the tangent bundle.) Specifying 
(f is tantamount to specifying a global section in 

H%T, C ® 7r*Xpd(-l)) = i) Sym"(Sym'^'- V*) ® Sym^ V, 

r=l 

d 

which is tantamount to giving a map Sym V* — > ® Sym''"(Sym^'' V*). 

r=l 

Take this to be the comultiplication map (^. 

Over the point t = (Gi, . . . , Gd', F) G T, the transpose map C^^ — > 
7r*(Tpd(— 1)) is given by 

llG/^ll G/ + (F) G 

The image is zero iff F = H^r-'^ upto constants, i.e., iff t G F. Hence 

r 

the scheme defined by Fitto(coker i^) is F. Now starting with the 



Koszul complex of the arguments in §p.2|, 3.3 go through verbatim. 



The outcome is a complex of bundles Q* living on P'', with 

= ® Sym"('^+i-P)-^'-i(Sym'=^V^) ® fi"+^~^(n + 1 - p), 

(18) 

for n + 1 — d<p<n + l — M. 
Then Theorem p.3| and Corollary |3.5| are valid with Q* in place of Q' 
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Scholium 3.6. Consider tlie map 

7™:ker 4„ — . /f°(P^Xx(m)) 
given by Tlieorem |3.3| . Tlie inclusion ker (i^^ C [F'^ , [m)) is 



S'L(V^)-equivariant, hence it must spht (non-canonically) . Hence 7m 
extends to a map 

I believe that it would be of interest to have at least one explicit con- 
struction of 7m. 

4. Some Computations 
So far, we have described two approaches to the calculation Xx, one 



in § |3.1| and the other in Theorem p.3| . They can be combined to get a 
concrete invariant-theoretic description of this ideal, provided we can 
get a handle on T). 

We will carry out the calculation in detail for A = (3 2), and then 
in addition give the result for (3 3). In each case we will describe the 
minimal resolution of Xx in terms of S'L2(C)-representations. The 
theorem below will be used for (3 2), but of course it is of more general 
application. 

Theorem 4.1. Let A = (Ai,A2) he a partition of d, with Ai 7^ A2. 
Then Vx is supported on the rational normal curve ^(d); o,nd we have 
an isomorphism Vx = /(d)^(9pi(— 2). 

PROOF. The claim about supp(X') will follow directly from Theorem 



5^ in the next section. To prove the rest, consider the commutative 
triangle 

fx 
pd 

Here 6 is the diagonal imbedding, let A be its image. 

Step 1: The ideal of A equals (9pixpi(— 1, —1), i.e., we have an extension 

(19) Opixpi(-l, -1) Opixpi — ^ Oa ^ 0. 
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Consider the commutative ladder 



1 



2 



3 



^ /A^Cpixpi(-l, -1) ^ /A^C'pixpi ^ /a^C'a ^ 



whose bottom row is derived from (|T9|). (The functor is exact since 
/a is a finite morphism.) Now the map 3 is an isomorphism, so by the 
five lemma, coker 1 = coker2. This gives an extension 

(20) TxjTx, /A*C»pixPi(-l, -1) Pa — ^ 0. 

Step 2: There is an isomorphism 5*(9pixpi(— 1, — 1) = (9pi(— 2), hence 
by taking adjoints, a surjection Opixpi(— 1, — 1) (5*Cpi(— 2). The 
kernel of this surjection equals Cpixpi(— 2, — 2), so we have an exact 
sequence 

— > Cpixpi(-2, -2) — > Cpixpi(-1, -1) — > 5*Cpi(-2) — ^ 0. 
After applying /a^, we have an extension 
(21) 

/A*C'pixpi(-2, -2) /A*C'pixpi(-l, -1) ^ /(rf)^Cpi(-2) 0. 



Step 3: From (|20|) and (|2TD, it suffices to construct an isomorphism 
Xx(d)/^XA — /A*C'pixpi(— 2, —2) to prove the theorem. It will be clear 
from the construction below that the isomorphism is compatible with 
the maps in (|^) and (plj) . 

Let [xo, Xi; I/O) Z/i] (respectively [oq, . . . , aj) be coordinates on P-*^ x 
(respectively on P'*). The morphism j\ is defined via the identity 

d 

J] a,- f"'' = (xo t + x^f^ {yo t + yi)^^ 

3=0 

We pass to the open set Uq = {a^ ^ 0} and write 



i = Xi/xq, t] = yi/yo, ai = ai/ao for 1 < i < d. 
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The commutative triangle corresponds to a diagram of ring homomor- 
phisms 

9(d) \^ 

C[ai, ...,ad] 

Let h = ker qx, I{d) = ker 

Claim: The map q\ : I(^d) — ^ ^f^^''?] has image — rj)^ C[C,,ri]. Hence 
it defines an isomorphism I{d)/ 1\ — ~ 'nf ^[C) ^] of C[q!i, . . . , aj- 
modules. 

Proof: The ideal /(d) has generators 

Jr^{ai/dy -ar/Q ioT2<r<d. 
Set w — ^ — r), then by straightforward computation, 

qxiar) ^ + XiV'''\t> (mod w'); 

hence q\{Jr) = (mod w^). We will show that each term w'^ ^'^rj^ lies 
in qx{I(^d))- Since \2r) — qx{ai) — Ai ^, it suffices to show this for j — 0. 
Due to the equality 

(A? + A1A2) f = 2Ai qx(ai) e + (A2 - 1) qx(al) - 2A2 gA(Q;2), 

we may further assume i = 0,1. Now a tedious calculation shows that a 
constant multiple of qx{J2) equals w^, and a certain linear combination 
of qx{Jz) and qx{(y.i J2) equals tf^^. This proves the claim. 

Evidently, the same calculation goes through over the open set Ud — 
{ad 7^ 0}, where we have an isomorphism 

/(,)//, = (i/e- 1/77)' qi/e,i/r/]. 

The union Uq U Ud misses only two points of Xx\ say P and Q, which 
are the images of points [1, 0] x [0, 1], [0, 1] x [1, 0] G x We have 
shown that over the open set Xx — {P, Q}, we have an isomorphism 
Xx^^^JIxx = f\*^ for some line bundle C 

If g is an automorphism of Xx coming from SLiV), then g*{Xx^^)/1xx) 
= Xxi^j^^/lxx- We can move P or Q to a point of Uq U Ud by such a g, 
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SO the isomorphism is vahd throughout Xx- Now take the ratio of the 
local generators 

7 — -, = {xq xi) [yo yi) , 

which shows that C = (!?pixpi(— 2, — 2). The map 1 in ( [2D| ) is the 
restriction of map 2, and locally, the latter is just q\ at the level of 
rings. Hence the compatibility claimed earlier. This completes the 
proof of the theorem. □ 

Corollary 4.2. For \ as above, H'^(W"^,Vx{m)) = Sym'^'^''^ V* for any 
m > 0. The Hilbert polynomial of Xx is XiX2m'^ + 2. 

PROOF. We have Vx ® Cpd(m) = /(d)^Opi((im — 2) from the projec- 
tion formula, hence the first claim. Now the second claim is a simple 
corollary of formula (|^. □ 

The following device will be useful for calculating with complexes of 
representations : 

Let A be the free abelian group on symbols {sn}n>o- We let x(Sym" V) = 
Sn for any n, and then define x{R) ^ ^ for any finite dimensional 
S'L(l^)-representation R by decomposing it into irreducibles. Thus 
x(-R) is merely the formal character of R. 

If G* is a bounded complex of S'L(V^)-representations and SL(y)- 

equivariant cochain maps, then define xiG') = This 

p 

can be seen as the 'Euler characteristic' of G*, taking values in A. The 
following equality is immediate from Schur's lemma : 



(22) x{G') = J2i-^yx{H^iG')). 



4.1. The Surface X32. As in § |3.1| , we have a morphism 

/32 : PV^ X FV^FSym^V, (^3,^2) G^^G^^ (= F); 
and in affine coordinates, a ring map 

532 : C[ai, ... ,05] — > C[M,t;], 

ai 3m + 2f , 02 — > + Quv + f ^, . . . , as ^ v?v^. 
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Homogenize the kernel of q^2 with respect to Oq, and take its minimal 
resolution: 

^ Op(-8)^ ^ 0. 

All of this was carried out in Macaulay-2. We write this as 

Q ^ Xx ^ ^ S-^ . . . ^ S-^ ^ 

Our task now is to identify the 5'L(^)-representations entering into 
the syzygy modules £'p. There is a spectral sequence 

^^^^ E^'^^i^P+''(P^Jx(m)). 

Here E'^ijn) denotes E"^ ® Ofbijn) etc. Note the equality 

x{H\g\m))) {=Y,{-^rx{H\^,gn^))) by definition) 
(24) P 

= x(HO(6;-(m)))-x(tf(6^-(m))), 



which is merely (^) rewritten using Theorem p.3[ 

Now let m = 4. From (||) we have i/^^(Xx(4)) = 0, so /fi(Ox(4)) = 
iJ^(Xx(4)) = 0. (We are using nothing more than the standard com- 
putation of cohomology of line bundles on projective spaces, see ll^, 
§3.5].) Now by Theorem p.3| , 



X(tf (6;-(4))) = x{H\¥,V{m = xiSym'^V*) = s^s. 

The alternating sum x(if°(^*(4))) can be calculated directly from (pIB]) 
and repeated use of formulae (|I|) and (0). (This was programmed in 
Maple.) Substituting this into (Pl), we get 



x{H%Ixm = x(H°(6;-(4))) = + ss + s, + So. 

Now choose m = 5. From (|23|) , we deduce H-^{Ix{5)) = and an 
extension 

H^{S-\5)) i/°(^°(5)) — ^ H\Xx{^)) 0. 
By the previous step, 

i70(£0(5)) = Sym^ V* ® (Sym^^ y* ^ g^^s y* ^ gy^4 ^ c). 
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Now x(i7°(^'(5))) and xlH"*^) are calculated exactly as before, and 
one can identify the unknown term 

x{H%S-\5))) = si3 + sn + 59 + 2sj + 2s^ + S3. 

It is clear how to proceed to determine the entire minimal resolution. 
The complete result is as follows. (We have written e.g. {5, 3^, 1^} for 
the module Sym^ V* © (Sym^ V*)®^ © (F*)®^.) 

0< — Ix< — {12,8,4,0}©Cp(-4) < — {13,ll,9,7^5^3}©Cp(-5) 
< — {12, 10, 8^, 6, 42, 2, 0^} © Cp(-6) < — {9, 7, 5, 3} © Cp(-7) 
< — {4} © Op(-8) < — 0. 

It follows then, that 1x^2 is generated by a subrepresentation 

(1^)4 = Sym^^ ^ gyj^s ^ gy^4 ^ gy^o (- gyin^(gyinS y*). 

We can identify the summands in the language of classical invariant 
theory. Define covariants 

H={F,F)\ i = {F,F)\ A={i,if 

for the generic binary quintic F . (In classical literature the notation 
varies from source to source. I have consistently followed |]^, Ch. VII], 
except that their / is our F. All the transvectants are calculated using 
the symbolic method, see Scholium pTTI .) 

The inclusion Sym^^ C Sym'^(Sym^ V^*) corresponds to a covariant 
of degree 4 and order 12, we tentatively call it J. (Said differently, 
let J = Yli Then the vector space spanned by the forms 

(fi is a subrepresentation of {Ix)ii isomorphic to Sym^^y*.) Now the 
space of covariants of type (4, 12) is spanned by and i.F^ (loc.cit.), 
hence J = aH^ + fii-F"^ for some constants a, (3. Choose a form F 
lying in X32 (but otherwise sufficiently general) and evaluate the right 
hand side. By hypothesis J must vanish, from this we can deduce that 
a : = 25 : —6. Thus the inclusion Sym^^ C Sym^(Sym^ V*) is entirely 
specified by the covariant 25 — Qi.F^. The other summands in {Ix)^ 
are calculated in the same way, and we get the following theorem: 

Theorem 4.3. A homogeneous binary quintic F can be factored as 
L^M'^ for some linear forms L, M ; if and only if, the covariants 

25H'^-6i.F^, 5i.H + 6F.{i,FY, 2i'^ + lh{i,Hf and A 

vanish on F . 
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These are the 'algebraic conditions' on F, alluded to in the very 
beginning of the paper. 

4.2. The surface X33. We will merely state the result for the surface 
X33, suppressing all computation. (This case is in fact easier than the 
previous one, since 1^33 = 0.) The equivariant minimal resolution turns 
out to be 

^ Jx ^ {12, 8, 6} ® Cp(-3) ^ {14, 12, 10^, 8, 6^, 4, 2^} ® Cp(-4) 
^ {14, 12, 10^ 8^ 6^ 4^ 2} (g) Op(-5) <- {12, 10, 8^, 6, 4^, 2, 0^} ® Cp(-6) 
^ {8, 6, 4} ® Cp(-7) ^ {2} ® Cp(-8) ^ 0. 

Thus the ideal is generated in degree three by three covariants, and 
these can be identified as before. Again let H = (F, F)^ and i = {F, F)'^ 
for the generic binary sextic F. 

Theorem 4.4. A homogeneous binary sextic F can be written as the 
cube of a quadratic form, if and only if, the covariants 

(F, H), (F, i) and 8 F.(F, Ff - 75 (F, if 

vanish on F. 

It is almost superfluous to mention that Theorems and ^.4] are 



not being seriously suggested as practical criteria for detecting multiple 
factors. 

Scholium 4.5. Here we give the result for the case A = (3 2 2), which 
was left unfinished in § ^.1| . The sheaf ^^322 sits in an extension 

^ /52*0pixPi(-3, -1) ^ I?322 ^ /7*(^pi(-2) ^ 0. 

This is proved by an argument similar to (but more elaborate than) 



the one used in Theorem [4.1| . From this, we deduce an exact sequence 



^ Sym^'"-^^ V* ® Sym^'"-^ V* i/°(P^ V{m)) Sym^'^-^ V* 0, 

and now the calculation proceeds as before. The ideal is generated by 
the graded piece 

(/^)g = {30, 26, 24, 22^, 20, 18^ 16, 14^ 12^ 10^ 8, 6^ 2^} 
C Sym^(Sym^ V*). 
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Scholium 4.6. In the case dim Xx — 1 (i.e., of the rational normal 
curve) the minimal resolution is very pretty, so I cannot resist recording 
it here. Its ideal is generated by quadrics, more specifically 

[I^)^ = ©'^ Sym^'^-^'- V* C Sym2(Sym'=' V*). 

(The summands correspond to the transvectants (F, F)^'" for 1 < r < 
[d/2\.) The natural multiplication map 

Sym*^-^ V*®V* — > Sym*^ V* = //°(P^ Op(1)), 

gives rise to a bundle map 

: Op(-l) ® Sym*^-^ V* — >V ® O^. 

Then the inequality rank < 1 holds over a point [w] G P Sym'* V , 
if and only if, w — v'^ for some v & V . Hence the Eagon-Northcott 
complex of </? resolves Ox- 

I enclose a list of representations entering into the minimal generators 
of Ix and the corresponding covariants when A has two parts and 4 < 
d < Q. For each rf, define H = {F, F)^, i = {F, F^. In each case 
denotes the degree m part of Ix-, the rest needs no explanation. 

Case d = 4. 

(31) : h = {0} = {^},Is = {0}^{{F,Hr}. 
(22): I, = {6} = {{F,H)}. 

Case d = 5. 
(41): I,^{2} = {t}. 

(32) : 74 = {12, 8, 4,0} 

= {25 i.F^, 5i.H + 6 F.(i, Ff, 2f + 15 (i, Hf, A}. 



Case d — 6. 

(51): 72 = {4,0} = {i,(F,F)6}. 

(42) : h = {0} = {(F, F)n, /3 = {2} = {(F, 

74 = {16, 12, 0} = (27 77^-8 i.F^, 3 i77 + 4 F(F, if, (i, i)^}. 
(33) : 73 = {12, 8, 6} = {(F, 77), (F, i), 8 F(F, F)^ - 75 (F, i)^}. 
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4.3. The Castelnuovo regularity of Tx- Let JF be a coherent Op- 
module. It is said to be m-regular for an integer m, if if*(P, jF(m— z)) = 
for i > 1. If this is so, then J-'{m) is generated by global sections 
and is m'-regular for any m' > m. This concept is due to David 



Mumford, see for a masterly exposition. 

Here we state a result bounding the regularity of Ix^^ when A 
(Ai, A2). Define 



d^A -d + 3 for Ai = Ai 

AiA2(2AiA2 - + 2)2 + 2A1A2 -d + 5 otherwise. 



Theorem 4.7. With A as above, Xx is ^-regular. A fortiori, Ix is 
generated by forms of degree < fi. 



PROOF. The first case follows directly from the central result of |13| 
For the second case, note the following lemma. 



Lemma 4.8 ([11|,|T^). Let be a coherent Op-module and let H be 



a general hyperplane in P. (It is sufficient that the generic point of 
H not be associated to J-".) Assume that J-'\h is m-regular. Then 
iJ-2(P, JF(m - 1)) = and T is {h\J^{m - 1)) + m)-regular. □ 

Now Xx\h is the ideal of a nondegenerate curve of degree 2A1A2 in 
pd-i. ]2gnce by [|, Theorem 1.1] it is mo-regular, where mo = (2A1A2 — 
rf + 3). From the surjection H^^OxirriQ - 1)) H^{lx{rno - 1)) ^ 0, 
wehave/iH^^xl^o-l)) < h^{Ox{mo-l)). ^mce H^'^{Xx{mo-l)) = 0, 
we deduce 

h%Ox{mo - 1)) = xiOximo - 1)) = AiA2(mo - 1)' + 2. 

The theorem is proved. □ 

It is not likely that the bound is optimal, see the last section for a 
conjecture. For any A, if the Hilbert polynomial of V\ is known, then 
such a bound can be formulated. See |TT| for a general regularity bound 
along such lines0. 



^However, the definition of '(6)-polyn6me' and the statement of 'theoreme prin- 
cipal' are not very clear to me as stated there. 
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5. Singularities of the CR locus 

In case of a general partition A, an explicit determination of Vx on 
the lines of Theorem W7^ does not appear to be easy. (The isomorphism 



'H}{Q*) = is of little help in this.) In this section, we solve the easier 
problem of describing the support of Vx-, which coincides with the 
singular locus of Xx- 

Note that a point F G Xx is nonsingular iff Ox,f is normal. 

Proposition 5.1. A point F E X is nonsingular if and only if the 
following conditions hold: 

1. The preimage f^^{F) is a singleton set, say {G}; and 

2. the map dfx '■ Ty,g — ^ ^p^^.f on tangent spaces is injective. 

PROOF. This is immediate from the local criterion of isomorphism 
in [|, Theorem 14.9]. □ 
With the partition A = (1 "^^2^^ . . . d'^'^), we now associate a set Sx of 



partitions of d. The point of the definition lies in Theorem 5.4 



Definition 5.2. A partition /i = {1^^2^'^ . . .d^'^) belongs to Sx in one 
of the following (mutually exclusive) cases. 

a. There exist distinct integers ri,r2 such that ii is derived from A 
by setting 

fri — Cri 1; fr2 ~ 

fr^+r2 = ^ri+T2 + 1 ^-^^ fr = Cj. elsewhere. 

b. There exist integers ri,r2,t such that ri 7^ r2, e^^ > and fi is 
derived from A by setting 

fri (^ri ~l~ 1) fr2 ^r2 ^ and 

fr = Cr elsewhere. 

(This forces r\ =tr2.) 

c. There exist integers ri, r2, ra, ^1,^2 such that ri, r2, are pairwise 
distinct, = tiri = t2'^2, and yU is derived from A by setting 

fri Cri '^1) fr2 ^2 5 

/rg =6^3 + 2 and fr = elsewhere. 

In each case A is a refinement of /i, so X^ C Xx- We will write 
Sx = S{^^ U S^^ U S^\ Then Sx is empty if and only if all parts in A 
are equal. 
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Example 5.3. Let A = (12^3M). Then has in all six elements, 
(12337), (122345) etc. We can set /a = l,/4 = 2 and fr = else- 
where, hence (12^3^^) e S^^\ We can set /g = 2,/3 = /a = and 
fr — Cr elsewhere, hence (14 6^) e 

Theorem 5.4. The singular locus of Xx equals (J Xfj_, the union 
quantified over all /i & Sx- 

The union may well be redundant, i.e., there may exist Hi, fj,2 such 
that X^j^ C X^^. The theorem is a consequence of the following two 
propositions: 

Proposition 5.5. Let F be a singular point of Xx- 

1. If f^^{F) is singleton, then F G for some G 

2. // f^^(F) has more than one element and F ^ X^ for any jj, G 
S^^\ then F eXf, for some G U S["\ 

Proposition 5.6. Let F G [j X^ be a point. Then either fx^{F) 

is not singleton or Ty^ — > Tpd^p is not injective for the unique G in 
f^^{F). Hence in either case F is a singular point of X. 

The following lemma will be needed in the proofs. 

Lemma 5.7. Let FSym'^V x FSym^V FSym'^+^'V denote the 
multiplication map {A,B) — > A.B{= C). The map 

on tangent spaces is injective, if and only if A, B have no common 
factor. 

PROOF. The map is given as 

{[ao, ...,am],[Po,---, Pn]) ^ [70, • • • , 7m+n] , 7fc = "i/^j- 

i+j=k 

By a linear change in x, y we may assume that cto = /3o = 1 at {A, B). 
Then d'^k/dai = Pk-i, d'jk/dPj = ak-j, and the Jacobian matrix repre- 
senting dh at {A, B) equals the Sylvester resultant of A and B. Hence 
it has rank m-\- n exactly when A, B have no common factor. □ 
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Corollary 5.8. If G = (Gi, . . . , Gd) E Yx is a point with fx{G) = F; 
then df : Ty,g — ^ Tf<',f is injective if and only if no two of the Gr have 
a common factor. 

PROOF. The map Uvr (see @) is injective on tangent spaces ev- 
erywhere. Now write /i as a succession of maps with products of two 
factors at a time, and apply the lemma repeatedly. □ 

In the sequel, we will use the same notation for two forms which differ 
by a nonzero multiplicative constant. Since there will be no occassion 
to add two forms, this should cause no confusion. If G is a form and 
L a linear form, then ordi^(G) = m means that L*^! G, but L^+^/G. 

Proof of proposition |0| . 

1. Say f^^{F) = {G}, then by Prop. ^TT| and the previous corollary, 
two of the Gr have a common factor. Say a linear form L divides 
Gr^ , Gr2 ■ Define 

Qri Gri/L, Qr2 ^r2/-^) 

Qri+r2 = L-Gri+r2 Qr = Gr clsCwhere. 

Then Q defines a point of f~\F) with fi e S{^\ □ 

2. Let G = (Gr), H = {Hr) be two distinct points in f^^{F). No two 
of the Gr have a common factor (otherwise F would lie in for some 
fi G S^^^) and similarly for the Hr- Let ri be the largest index such that 
Gri 7^ Hr^. (This of course means is not a scalar multiple of -ffr-i-) 
Then some linear factor L of Gr^ is not a factor of Hr^. (Assume the 
contrary. Then some linear factor, say K, occurs with a higher power 
in G.f.^ than in if^i- But then K must divide some Hr' for r' ^ r^. This 
is impossible since Hr^^Hr' have no common factors.) By the same 
argument, there exists a linear form M dividing Hr^ but not G^^. Say 
ord2,(GrJ = a, ordM(-f^ri) = (3 and without loss of generality a < [3. 

Case a = 1. Now L divides Hr' for exactly one value of r', let r2 be 
this value. If ordL(iJr2) = then tr2 = ri. Define 

Qr\ ~ L'Hri'! Qr2 ~ -^^'2/ and 

Qr = Hr elsewhere. 



Then Q is a point of f^\F) with /i G S[ ' . 
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Case a > 1. Set ti = a and = tiVi. Assume oidLlHr^) = ^2 > 
for some r2 as above, then necessarily r2t2 = ^3- Let 

Qr^ = L.M.Hr^ and Qr = Hr elsewhere. 
Then Q is a point of f^^{F) with ji G S^^\ □ 

Proof of proposition |5T6|. Assume that F e for some /i e 5a 
and that f^^{F) is a singleton set {G}. We will deduce that two of the 
Gr must have a common factor; this will prove the proposition. In the 
sequel, H denotes a point of f~^{F). 

Case /i G S^^\ Choose a linear form L dividing Hri+r2i ^iid define 

Qn L.Hrij Qr2 L.F[r2^ 

Qri+r2 = Hr-i^+r2/L and Qj. = Hr elsewhere. 

Then Q G f^^{F), so Q = G. But then Grj^,Gr2 have the common 
factor L. 

Case n G Note that degif^ > 2, and let L,L' be any two 

linear factors of Hj.^. We claim that L = L'. Suppose not, and define 
a point Q by 

Qn ~ -^ri/ Qr2 ~ Hy2-L^ and 
= Hr elsewhere; 

and Q' by the same formulae with L' instead of L. Then Q, Q' G f^^{F) 
and Qn 7^ Q^, which is impossible. Hence necessarily L = L', which 
implies that L^\Hr^. But now Q = G, and Qri,Qr2 have the common 
factor L. 

Case /i G iS^'^^ Let Li, L2 be two linear factors of Hr^ and define 

Qri Hr^-Li , Qr2 -^r2--^2 ' 

= Hr^/LiL2 and Qr = -f^r elsewhere. 

Define Q' by the same formulae with Li, L2 interchanged. Then Q, Q' G 
f^^{F), hence they must both equal G. Hence Li = L2, and Gr^,Gr2 
have the common factor Li. □ 



The proof of Theorem p.4| is complete. On intuitive grounds it is 
plausible that the CR locus should develop a singularity wherever some 
parts in A merge together. The element of surprise (for the author) lies 
in that only certain mergers produce singularities. 
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6. Comments and Conjectures 

In his memoir [Q, Cayley gives necessary and sufficient conditions 
for a form to lie in Xx, for all partitions A of d < 5. This amounts to 
describing Ix upto radicals. (Of course, his paper predates the recog- 
nition of the distinction between set-theoretic and ideal-theoretic gen- 
eration.) E.g., for A = (3 2), he proves that the summand Sym^^ C 
Sym^(Sym^ V*) alone defines Ix set-theoreticallyQ However, pace 
Cayley's own assertion, I do not see how to make his method work 
for a general A. 

J. Weyman has proved Theorem 3] that for A = (r with 



r > [(i/2] + 1, the ideal Ix,, is generated in degrees < 4. (Also see [T^ 
and ||2^ for results about the generators and Hilbert function of Ix-) I 
hazard the following conjecture (which I have numerically verified for 
d < 8). 

Conjecture 6.1. Let A = (Ai, A2) be a partition of d. If Ai 7^ A2 (re- 
spectively Ai = A2), then the sheaf Xx(4) (resp. Xx(3)) is Castelnuovo 
regular. In particular, Ix is generated in degrees < 4 (resp. degrees 
<3). 



It is proved in |jT5[, that the variety Xi^d-i,!) is arithmetically Goren- 



stein. It is arithmetically Cohen-Macaulay in two more simple cases 
(A = (d), (2 l'^"^)), but does not seem to be so for any other case. (I 
have numerically checked this for d < Q.) One would like to have a 
proof or a counterexample. 

It would be valuable to have a structure theorem for Vx similar to 



Theorem [4.1|. There are a few more classes of partitions for which this 



can be achieved, and I hope to return to this problem in future. 
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